Transverse shear instabilities in an open channel are analyzed by conducting a linear stability analysis using Saint Vanent equations. The system is discretized using the Chebyshev spectral method and the system is subject to a hyperbolic tangent velocity profile. The main purpose of this paper is to analyze the stability behavior of the system further by using nonmodal stability analysis which gives us an idea of finite time instability as oppose to the traditional linear stability method which only predicts asymptotic instability for systems with nonnormal linear operators.
INTRODUCTION
The instability in transverse shear flows may lead to large scale lateral motion with horizontal length scales much larger than the depth. These transverse motions are common in wide open channels with very small depth with width ratios. Large transverse motions also mean that there is a significant transfer of mass, energy and momentum in the channel, which contributes to mixing and transport of pollutants and sediments. (Chu et al. 1991 ) studied the effect of friction on the stability behavior of the flow under different ambient velocity conditions. A common approach to studying the stability behavior of a certain flow is to conduct a linear stability analysis. Although important information can be obtained from a linear stability analysis, it may not predict the actual conditions, especially for shear flows. (Trefethen et al. 1993) pointed out the fact that linear stability analysis may have its limitations in describing instabilities of shear driven flows because the nature of the physical laws governing such flows results in a matrix operator which is non-normal. Non-normality of a linear operator means that the eigenvectors of the matrix are non-orthogonal to one another and the growth rate of a small disturbance in the flow may be amplified to arbitrary large. While conventional linear stability analysis gives the asymptotic stability behavior, non-modal analysis can be used to analyze the finite time transient stability behavior.
The research presented here is the summary of the linear stability and nonmodal analysis conducted on a shallow open channel flow under varying ambient velocities, bed friction numbers and longitudinal velocity profiles. Section 2 introduces the mathematical description of the problem along with the linear stability and nonmodal analyses. Section 3 discusses the findings of the analyses from the different cases, followed by the conclusion and remarks.
GOVERNING EQUATIONS
The nondimensionalized two-dimensional Saint Vanent equations given by (1), where the (1a) is the continuity equation and (1b) and (1c) are the momentum equations in the x and y directions respectively.
ũ and ṽ are the non-dimensional velocities in the x and y directions and h is the water depth. c f is the bed friction coefficient. Non-dimesionalizations are performed using the lengthscale * , a velocity scale * and a density scale of * given in (2) as mentioned and described in detailed by (Chu et al. 1991 ). 
LINEAR STABILITY ANALYSIS
In order to conduct a linear stability analysis or eigenvalue (spectral) analysis, the dependent variables ũ,̃ and p are decomposed into a mean value and a perturbation values given by ̃= U(y) + u′(x, y, z), ̃= v ′ (x, y, z) and ̃= P( ) + p′(x, y, z) . The system of equations for the perturbed variables is obtained by substituting the mentioned assumptions to (1). The resulting system is given by (3).
Formulation of Eigenvalue Problem
An eigenvalue problem needs to be derived from the system of governing equations for the perturbed variables. The derivation process is taken from (Dewals et al. 2008) in which a modified form of the Orr-Somerfield equation is derived. The derivative of (3b) with respect to y and that of (2b) with respect to x are taken. The pressure term is eliminated by differencing. Assuming that h is a constant, the continuity equation (3a) gives the relationship between u′ and v′ and by substituting this into the previous equation results in a single equation of the form:
If a normal mode solutionv ′ =̂( ) ( − ) was assumed, where k is the wavenumber and c is the wavespeed, the following equation (5) is obtained.
The partial derivatives in the y-direction are solved using the Chebyshev spectral method. In order to use this method, the y-axis is discretized with Chebyshev points as nodes. The solutions are then interpolated using Lagrange polynomials, which results in Chebyshev differential matrices denoted by = / . The second derivative can be calculated as 2 = 2 / 2 . For detailed derivations of the Chebyshev spectral differential matrices, please refer to #ref Trefethen book. The discretized system can be written as:
The resulting equation (6) is an eigenvalue problem of the generalized form = , the spectrum is defined as the set of eigenvalues of = − . The wave speed = + can now be calculated as eigenvalues of (6). For the flow to become unstable, the perturbed velocity has to exponentially with time. In other words, as → ∞, ′ → ∞ which will happen if > 0. Therefore, the flow is considered stable if all eigenvalues lie in the lower half of the complex plane.
Base Flow Velocity Profile
For the base flow velocity profile, a hyperbolic tangent function (7) is used and its first and second derivatives as they appear in the system are calculated analytically on the grid. The ambient velocity parameter 2 is a free parameter and for this study, values of 0.1,0.3,0.5,1,5,10 are used as mentioned in (Chu et al. 1991) .
The domain size is chosen to be [−5,5] since it sufficiently covers the extent of the velocity profile which gives the left end value of 2 and the right end value of 2 + 1.
Bed-Friction Number
The current study focuses on the effect of bed-friction on the stability of the flow and it is quantified by the gradient bed-friction number given by (8). The criticial value of at which the flow becomes stable should be about 0.1 (Chu et al. 1991 ).
= 2ℎ
4 NONMODAL STABILITY ANALYSIS Some discrepancies in the prediction by the linear stability analysis and experiences have been reported but the error is traditionally attributed to the fact that nonlinearity is ignored when the equations are linearized (Trefethen et al. 1993 ). An alternate theory suggests that the nonnormality of the linear operator contributes to the discrepancies. A matrix is normal if it has a set of linearly independent eigenvectors which are orthogonal to each other with distinct eigenvalues. In shear flows, such as the case in this paper, the linear operator C described section 3.1 does not have eigenvectors orthogonal to each other. This nonnormality makes the predictions of the linear stability analysis unreliable or rather incomplete since it only describes the asymptotic scenario.
Pseudospectra
Pseudosptra are used as a complement to the spectra in nonmodal stability analysis and they are very useful in visualizing nonmodal stability (Trefethen et al. 1993 ) (Schmid 2007) . There exist many definitions of pseudospectra or pseudo-eigenvalues which (Trefethen & Embree 2005) covers in detail. However, for simplicity, only one definition is covered in this paper. The pseudospectrum of a matrix A, denoted by σ ε (A), is defined as the set of eigenvalues obtained by perturbing the matrix A with a matrix E whose norm is epsilon.
σ ε (A) is a set of λ ∈ ℂ such that , λ ∈ σ(A + E)for some E ∈ ℂ N×N with ‖E‖ < ε Pesudospectra can be plotted as contour lines of ε superimposed on the spectral plot. Similar to spectral analysis where the position of the largest eigenvalue in the complex plane must remain in the stable region, which is the lower half of the plane in this paper, for the flow to be stable, pseudospectra of the range of perturbation values of interest should also be in the stable region. Pseudospectra are indications of the sensitivity of the system to perturbation. Depending on how much the pseudospectra protrude into the unstable region, the system is nonmodally unstable and instabilities of significant order can exist in finite time before dissipating as → ∞. The maximum distance that the pseudospectra protrude into the unstable region is called the pseudospectral abscissa and it is related to the bounds of the energy growth (Trefethen & Embree 2005) .
Optimal Initial Condition
Using nonmodal analysis, the response of the system to the most dangerous initial condition, which amplifies the kinetic energy to the maximum, is evaluated. The growth function is ( ) given by (9) can be used to analyze the evolution of the energy in the system in a specified time interval optimized over all initial conditions.
The major difference between spectral analysis and nonmodal analysis would be that spectral analysis only considers the fastest growing mode, which is equivalent to having a growth function of ( ) = − 2 , where is the imaginary part of the fastest growing eigenvalue, which does not give any consideration to the eigenfunctions of (Schmid 2007) . Systems of equations that result in a nonnormal linear operator greatly amplifies the energy contained in the initial condition before dissipation. The transient amplification of energy in the growth function can verify that spectral analysis can only predict the asymptotic fate of the system.
NORMALIZED GROWTH RATE
The current model is verified with the results presented in (Chu et al. 1991) . The normalized growth rate ( ) / for different values of bed friction number at the inflection point ̅ = 2ℎ ⁄ . ̅ ̅̅̅̅ ⁄ of the velocity profile is calculated, yielding parabolic profiles as in (Chu et al. 1991) and are in good agreement. The maximum growth rate values decreased as bed friction number values increased until all growth rates across all wavenumbers are negative. The ambient velocity parameter U 2 is also varied and the critical bed friction number and the corresponding wavenumbers are listed in table 1. These results are in agreement with (Chu et al. 1991) with only the maximum growth rate values for the ambient velocities of U 2 = 5, 10 resulting in 0.116 which is slightly lower than 0.2 reported in (Chu et al. 1991) .
The plot of the bed friction number against the maximum amplification is given in figure 1 . which shows an almost linear decreasing trend till it reaches the critical values given in table 1. This plot is also in agreement with the results given in (Chu et al. 1991) and thus the current model is sufficient to perform nonmodal stability analysis. Table 1 . Critical values of bed friction number and the corresponding wavenumber for hyperbolic tangent velocity profile. The transient evolution and amplification of energy is calculated using the growth function defined in section 4.2. The resulting plots of the growth function for the corresponding spectral and pseudospectral portraits are present in figure 3 . All cases show a transient energy amplification of significant magnitude before eventually dissipating. In terms of the magnitude, the lower ambient velocity cases have higher peak energy amplification, with the 2 = 0.1 case exhibiting noticeably higher peak of the order 300.
Comparing the transient behavior of the different ambient velocity cases, one can notice that the energy dissipation rate is higher as the ambient velocity increases but the peak values remain relatively the same. This means the transient energy amplification happens very suddenly happens with peak values much higher than the energy at neighbouring time values. Figure 3 . shows that the condition number increases as bed friction number increases, meaning the system becomes increasingly nonnormal and therefore, the system will always be nonmodally unstable, exhibiting transient energy growth.
CONSIDERATION FOR OUTFALL DESIGN
Outfall systems need to be optimized for mixing to maximize dilution and dispersion of the substance being discharged into the waterbody. Regardless of the nature of the outfall, thermal, chemical or biological, mixing is very important to minimize environmental hazards. Instabilities and turbulence are desired as they enhance mixing.
The results of our research indicates that increase in the bed friction number stabilize the flow in the lateral direction. Since mixing is desired, this stabilizing effect must be taken in to consideration. While stabilizing the flow in the lateral direction, increase in bed friction number can also make the flow more turbulent in the vertical direction. The critical bed friction numbers obtained from the spectral analysis predicts the minimum bed friction required for having instabilities in the flow. However, the transient energy amplification resulting from nonmodal analysis shows that instabilities still exists in the stable region as calculated in the spectral analysis. These instabilities can be fairly significant and therefore, higher bed friction, which can facilitate vertical mixing, can be implemented without impeding lateral mixing.
CONCLUSION
A linear stability analysis of the transverse shear motion in an open shallow channel was conducted using the SaintVanent equations. The results were in agreement with that presented in (Chu et al. 1991) indicating that as the bed friction number increases, the critical maximum amplification decreases and thus the flow becomes more laterally stable. Ambient velocity also plays a very important parameter in stabilizing the flow with increasing ambient velocity.
The system was further analyzed for its nonmodal behaviour. Pseudospectra of the critical cases obtained by the linear stability analysis are plotted and they were seen to be extending far into the unstable zone.
For each individual perturbation value , the increase in ambient velocity parameter resulted in the decrease of the pseudospectral abscissa values. For lower values, convergence of pseudospectral abscissa can be seen.
Using the growth function, transient energy amplification is observed in the asymptotically stable cases.
For lower ambient velocities, the energy growth was much higher and the rate of energy dissipation is also much slower. On the other hand, higher ambient velocities resulted in a transient energy amplification that is very sudden and the dissipation rate is faster, almost like a shock.
Nonmodal stability analysis revealed some instability characteristics undetected by conventional linear stability analysis. Pseudospectral portraits of the system gives an idea of the sensitivity of the system to small perturbation and the growth function showed large energy amplification in finite time. Calculation of condition numbers suggests that further increase in bed friction number will still result in a nonnormal linear operator and thus the system will always remain nonmodally unstable with transient energy amplification.
